The determination of the rate of turnover of a compound in the body by administering a labeled compound as tracer is now a common procedure (1-4). The rate of turnover is usually calculated by plotting the logarithm of the concentration of a labeled end-product excreted in urine against time, but the conditions under which this procedure is justified do not seem to have been fully recognized. Moreover, there are other ways of calculation, the advantages and disadvantages of which, compared with the usual way, do not seem to have been sufficiently appreciated. These ways of calculation and their relative merits will be discussed in this paper.
t The kinetics of consecutive, first order, irreversible reactions has been worked out by Thiersch (Thiersch, F., Z. physik. Chem., 1924, 111, 175) . However, equation (1) in the present paper differs from that given by Thiersch (Equation 14 in his pallier) in the presence of the term a B. In Thiersch's formulation, each intermediate compound is converted into a single compound in the next step. In a biochemical process an intermediate compound may be changed in several ways (physical or chemical) in parallel reactions, and only a fraction of the total change is due to the process which leads to the end-product under consideration. A constant factor, which may be called the fraction, therefore enters into the rate equation for each step. In equation (1) a B is the product of all the fractions in the preceding steps. A fuller treatment of the kinetics of consecutive reactions in biochemical processes will be reported in another paper.
where A0 = amount of the original labeled compound administered, e.g. i n the experiments reported in the following paper, A 0 is the amount of aspartic acid-N 1~ fed.
KA, KB, . . . . . rate constants in the consecutive reactions or processes from the absorption of the labeled aspartic acid to the excretion of urea-N '6 in urine. aB = the fraction of A 0 which appears as the end-product, in the present example as urea -N 15. a , b, c, . . . . s . . . are constants. When one of the rate constants, Ko is smaller than all the others, there will come a time when e -~*~ alone in equation (1) is significant while all the other exponential terms are negligible. Equation (1) then reduces to e = aBA0 ( l --se -~st) (2) Differentiating equation (2), we obtain d,
Where r is the "isotopic ratio", that is,-~-of urea-N in the above example.
The isotopic ratio in the pool is assumed to be the same as that in urine.
E is the amount of the end-product, in the above example, urea-N excreted per unit time. These equations are the basis of all the methods of calculation described below.
The value of K, calculated on the basis of the above equations is the smallest rate constant in a series of consecutive chemical reactions and physical processes (diffusion) which precede the appearance of the end-product in urine. The smallest rate constant may well be the rate of turnover of the compound in question, but it cannot be overemphasized that this is an assumption which must be justified by previous knowledge of the relative magnitudes of the rate constants involved in the consecutive reactions and processes3
The methods of calculation are summarized in Table I . The methods differ depending on whether e or r data are used (that is, whether E enters into the calculations or not) and on whether non-cumulative (r, ~, Ae) or cumulative (2~(~&t),e) values are used.
I. Semilogarithmie plot--with non-cumulative .values.
From equation (5) it is seen that if In r is plotted against t, the result is a straight line, the slope of which is --K , )
In plotting this curve, it is a common practice to use the average r (e) of an interval as the instantaneous r at the middle point of the interval. This practice is justified only when the intervals are short and K, is numerically small For example, after feeding creatine labeled with N 15, the rate of turnover of creatine was calculated from the rate of fall of N I5 concentration of creatinine in urine (i). Assuming that all the creatine is in the muscle, there are at least three steps between creatine in muscle and creatinine in urine, namely, Creatine in muscle ~ creatinine in muscle Creatinine in muscle --* creatinine in blood Creatinine in blood --* creatinine in urine
The rate constant of 0.0164 day -1 obtained by Hoberman, Sims, and Peters may be the rate constant for any one of the three steps. From the excretion data of creatinine alone in the experiment mentioned, it is impossible to make a decision. However, the decisions can be made on the basis of other knowledge. From the fact that creatinine in blood is of the order of 1.5 mg. per 100 ml. blood and the amount of creatinine excreted per dayis of the order of 1.6 gm., and assuming 6 liters to be the volume of blood, the rate constant for the third step is at least 1600 ----18 day -'1 6 X 15
If the permeability of the muscle to creatinine is of the same order as that of the kidney, the rate constant for the second step must be also of the order of 18 or, in any case, much larger than 0.0164. The conclusion that this value is the rate constant of the first step, namely, creatine --* creatinine, is therefore correct, but the conclusion is made possible only on the basis of other knowledge regarding the relative magnitudes of the rate constants of the consecutive processes involved.
s In calculating the slope of the curve plotted with log instead of In, log is, of course, multiplied by 2.3 to obtain In. in relation to the time interval. It can be shown, however, that by using e of equal consecutive intervals, the error of using e for r is reduced to the minim u m (Appendix I). With unequal intervals, the error may be considerable. When urine has been collected at short regular intervals, the e values obtained experimentally can be plotted directly. When the urine is collected at irregular intervals, e for equal intervals can be obtained by the following procedure : --1. Calculate the value of eAt for each interval from the beginning (Table II) . 2. Add the eat terms to obtain Z (eAt) up to time at the end of each interval. 3. Plot Z(eAt) against t and draw a smooth curve. 4. On the Z(eAt) curve read Z(eAt) values for consecutive points placed at equal intervals (say, 3 hours) 4 (Table III) .
5. Calculate eat for each interval by difference. 6. Divide eAt thus obtained by At to obtain e for equal intervals. 7. Plot e against middle point of interval and draw a smooth curve. Since r is usually expressed as atom per cent excess, it is convenient to multiply everything by 100 in the above calculations.
, Theoretically, the shorter the interval, the more closely does e approximate r. But from the practical standpoint, the error in f obtained from the z (~) curve is greater, the shorter the interval. In the experiment cited for illustration, intervals of 3 to 6 hours are most suitable.
Since the amount of the end-product excreted in an interval At is AE = ~'AtE and ~ is equivalent to r at the middle point of the interval (Appendix I)
• ". A¢ ----o~gAosK, Ate -g s : where t is the time at the middle of the interval Therefore, when ln(A~) is plotted against t, the result is a straight line the slope of which is --K,. The value of A~ for equal intervals can be obtained from a ¢ curve in the same manner as FAt is obtained from the ~(~At) curve. 
H . S e m i l o g a r i t h m i c p l o t --w i t h cumulative values.
From equation (2) it is seen that when In (1 --a~A0) is pl°tted against t' the result is a straight line if the correct value of aB is chosen. If ~2 is used instead of ~, for the reason to be mentioned below, In ( a~ ° E ) similarly plotted will also give a straight line. In either case, the slope of the curve is --K,.
III. Arithmetic plot. From equation (6) it is seen that if r is plotted as E ordinate against ~ = Z (~At) as abscissa the result is a straight line, the slope --K , and the intercept is a-EA° K,, from which the value of aB of which is can be calculated.
As an alternative, r may be plotted against e, the result is a straight line,
Ks
E A the slope of which is ---~ and the intercept is a__~o Ks.
Choice between r and ~ Data
Although Ks can be evaluated either from r or ~ data, the former is more directly related to Ks than the latter. The rate of fall of r is a direct measure of Ks, but the rate of fall of A~ is a measure of Ks only when E remains constant.
If over a period of time E is increasing (e.g. see Table II ) the value of Ks evaluated from A~ data will be lower than t h a t evaluated from r data. On general principles, r should give more reliable results. Moreover, it is generally observed that ~ values are more consistent than Ae values. This can be shown by plotting A~ and ~ against the time at the middle point of the interval. The ~ points usually fall on a smooth curve while the A~ points are usually more scattered. The lesser consistency of A~ data is due to the inconstancy of E which enters into the calculation of A~. For this reason, r data are preferable to ~ data for the evaluation of K,.
In Table I , the values of K, calculated from ~ data are lower than those calculated from r data, because from 6 to 30 hours the general trend of E was increasing which made A~ fall more slowly than r.
Although K8 can be evaluated without using ~ data, the latter are required to calculate an. Since E is subject to some variation, it is better to use ~, the amount of the labeled end-product excreted per unit rate of total excretion of the end-product, instead of ~. Since Ae = ~AtE, therefore
The last value can be calculated without reference to E in different intervals. In calculating ax from a-EA0, the average E is used.
Choices between Non-Cumulative and Cumulative Values
Deviations are more easily seen with non-cumulative values---r, ~, ~At, and A~, than with cumulative values, Z(?At) and ~. When A~ or ~ is plotted against time, an obvious error can be recognized and the value rejected. When ~ or RATE OF TURNOVER OF COMPOUND FROM E X C R E T I O N DATA X(¢At) is plotted against time, even relatively poor data may give a fairly smooth curve. For this reason, zX¢ or ~At obtained by difference should be tested for consistency by plotting against time, even though the e or ~(~At) curve appears to be smooth.
With non-cumulative values, an error in one point has no influence on other points. With cumulative values an error in one point remains with all subsequent points. It is preferable, therefore, to use non-cumulative values for the evaluation of rate constants. Upper curve, log (Ae) for 3 hour intervals vs. t at middle point. Lower curve, log (100 r) vs. t. The point 1 on the ordinate corresponds to ~e = 1 mg. N z5 for the log (ae) curve, and to 100 r = 0.100 atom per cent excess for the log (100 r) curve.
The slope of the log (~) curve between 6 to 9 hours is 0.0541; between 9 to 30 hours, 0.0337. Weighted average for the period 6 to 30 hours, 0.0363.
The slope of the log (100 r) curve between 6 to 12 hours is 0.0491; between 12 to 30 hours, 0.0404. Weighted average for the period 6 to 30 hours, 0.0426.
Choice among Methods I, II, a~l I I I
Since all the above methods of calculation are based on the same basic equation, they should give the same result when experimental data fit the theory perfectly. When this is not the case, the value of Ko obtained is an average which will differ somewhat with the method used.
Method I I I gives the most information because it is the most sensitive. Deviations of K, from constancy can be easily seen on the arithmetic plot.
Method I is a little less sensitive, because logarithmic plot tends to minimize the appearance of deviations. Method II is the least sensitive, because the appearance of deviation is further minimized by the use of cumulative values (Figs. 1--4) . Curves B fit the data best, but any curve between A and C would give a fairly good fit.
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In the example taken for illustration, the points in the curve r against ~ fall on two straight lines (Fig. 3) . The point of change of K, occurred about 12 hours after feeding. A similar picture is given by the curve log r against t (Fig. 1) . All but one point (at 6 hours) in the curve log r against t fall on a straight line. The curves obtained with method II (Fig. 2) show no change of K,. The points all fall closely on a straight line, but this is because the method is not sensitive. 5 If the value of aE assumed is within 10 per cent of the correct value, any curve would appear straight enough to the eye. Without special care, the correct answer may be easily missed. Method II is attractive as a way of obtaining an average K, when it does not remain constant, but it has the disadvantage that it is a "by-trial" method. Several trials may be necessary before the final answer is obtained. With the other methods, the answer is obtained in one operation. Method III has the advantage that it gives both K, and aB in one plotting, while with the other methods, K, is first evaluated and aB is then calculated with equation (6 a). Instead of using graphic methods, K, may be evaluated by algebraic methods. For instance, instead of method I, K, may be calculated from the ratios of r for consecutive points or those of ~ or A~ for consecutive intervals (At 
=mAos (e -Ea~ -e -~r'*~)
• "-h-2 = --
E /2 --l1 t , + t~ From equation (5) 
e -x'*~, e -~:'t2, and e--K'(*x+~*)/~ each into a series, it can be e h-~ L~(t~ -tl) ~ 1 + a p p r o x i m a t e l y .
r(t x+t ~)/~ 24
When both K, and $~ --ta are small, K'~(& --tx)~ is negligible in comparison 24 with 1, and fi_~ = r(~+,2)a" --Ke¢l ~ 6 " K a g t --= is larger than When K, --0.05 and h tl 3, 6, 9, and 12, e h --tl --K , (h+t2) 13 K,~ . by 0.1, 0.4, 0.9, and 1,5 per cent respectively. When K, = 0.10, the corresponding differences are 0.4, 1.5, 3.3, and 5.8 per cent respectively. Thus, when K, is less than 0.1 and the interval h --h is less than 6, or when the product of K, and (h --h) is less than 0.6, the average r of an interval may be taken as the instantaneous r at the middle point of the interval without appreciable error.
From equation (13) it is seen that for a series of equal intervals, the percentage error incurred in using ~ for r is the same for all intervals. Thus, when In ~ is used instead of In r in method I, there is a constant error of
In [1 -~-K'2(12 --la) 'z 1
24
. Even when this error is appreciable, only the intercept will be in error, while the slope will still be correct. If the intervals are not equal, the slope will also be in error.
